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Jlekunsa 11
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[TonHble buHapHble aepeBbs

Onpegenenue:

@ MNMonHoe buHapHoe aepeBo Ty BbicoThl H ecTb buHapHoe AepeBO, Y KOTOPOro
NyTb OT KOPHSA [0 t0bOoIA BepnHbI coaepXXuT poBHO H pébep, npm 3ToM y BCex
Y3/10B [epeBa, He SBMAAKOLWUMUCA NUCTbSMU, €CTb U MPaBblii, U NEBbLIA NOTOMOK.
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MNonHoe buHapHoe AepeBo BbICOTHI 3.
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AbCTpakumsa npuopuTeTHast o4epess
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[lpnopuTeTHas odepeab

@ [puoputetHasi ovepeab (priority queue) — ouepefb, 3JEMEHTHI KOTOPOI
CPaBHUMbI 1 UMEOT MPUOPUTET.

@ [locne BcTaBku anemeHTa o4epenb OCTaéTtcs B ynopAg04€HHOM MO NPUOPUTETY
COCTOAHUN.

@ [lepBbiM n3BnekaeTcs Hambonee NPUOPUTETHBIN 3NEMEHT (MaKCUMYM MK
MUHUMYM).
NuTtepdpeiic abctpakuun:
@ insert — pobaBneHne sneMeHTa B o4vepesb;
@ fetch — nosyyaer camblii NPUOPUTETHBIV 3JIEMEHT, HE U3BJEKas €ro.

@ erase — YAANSAET CaMblil NPUOPUTETHLIV DIEMEHT;
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[ PUOPUNTETHAA OHEPEAL. NPEACTABIEHNE

o buHapHas kyya — bunapHoe AepeBO, YAOBIETBOPSIOLLEE YCAOBUSIM:

» Jliobas BeplumHa HE MeHee NPUOPUTETHA, YeM NOTOMKM (YNOPSAZOYEHHOCT MO
AaHHbIM).

» [lepeBo SBNSIETCS NPaBUIBbHBIM MOAMHOXECTBOM MOJIHOTO BuHapHoro (CTpykTypHast
YNOPSIAOHEHHOCT).

[pyroe Ha3BaHne — nupamuga (heap).
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[lpnopuTeTHas odepeab

@ HepospacTatowaa nupamunga

C. J1. Babuues [HepeBbs
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[lpnopuTeTHas odepeab

o HeybbiBatowas nupamunga

OROXO
(=) @
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[TpuopuTeTHast oYepelb:peann3aums

(50
(of ()
(19 () @R@
© @

XpaHeHue B BUAe Maccmea C uHgekcamm ot 1 go N:
150/20[45]14[17]5]4[6]10]

@ VHpekc KopHs fepeBa BCerpa paseH 1 — MakcuMasbHblii (MUHUMANbHBIN) 31eMeHT

NHpekc pogutens y3na ¢ paBeH L%J

o
@ llHpekc neBoro NOTOoMKa y3na ¢ paBeH 21
o

npekc npaBoro notomka y3ne ¢ paBeH 27 + 1
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[propuTeTHast odepeab: peannsauust Ha base maccuBa.

typedef struct bhnode_s { // node
int priority;
} bhnode;

typedef struct binary_heap_s {
bhnode *body;
int bodysize;
int numnodes;

} binary_heap;
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CozpaHuve buHapHoii Ky4n

#include <stdio.h>
#include <stdlib.h>
#include <assert.h>

typedef int bhnode;

typedef struct binary_heap_s {
bhnode *body;
int bodysize;
int numnodes;

} binary_heap;

binary_heap *binary_heap_new(int maxsize) {
binary_heap *bh = malloc(sizeof (binary_heap));
bh->body = malloc(sizeof (bhnode) * (maxsize+1));
bh->bodysize = maxsize;
bh->numnodes = 0;
return bh;
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BuHapHas ky4a: nouck MuHumyma(makcumyma)

void binary_heap_destroy(binary_heap *bh) {
free(bh->body) ;
free(bh) ;

void binary_heap_swap(binary_heap *bh, int a, int b) {
bhnode tmp = bh->bodyl[a];
bh->body[a] = bh->body[b];
bh->body[b] = tmp;

bhnode binary_heap_fetch(binary_heap *bh) {
assert (bh->numnodes > 0);
return bh->body[1];

}
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BuHapHas Ky4a: BCTaBKa 3/leMeHTa
@ DJtan 1. BcTaBka B KoHel, Ky4u.

BcTaBka anemeHTa 33

M @
@) @ 3) @
(4)@‘ (5) (6) @) e
(8)@ (9@ (10).

Otnununo! CrpykTypa Kyumn He ucnoptunacsb!
150[45]20]17|14]10]6]5]4][33]
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BuHapHas Ky4a: BCTaBKa 3/leMeHTa
@ Jtan 2. KoppekTupoBKa 3HayeHuiA.

BcTaBka anemeHTa 33

JOGERAD

@ @‘ 6) , <6> @) G
‘oforc

qua YOOBNETBOPAET BCEM YCNOBUAM.
150|45[20]17[33]10]|6]5]4]14]
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BuHapHas Ky4a: BCTaBKa 3/leMeHTa

@ [lonbiTaeMcs BCTaBUTb MaKCUMaJIbHbIA 3J1EMEHT.

BcTaBka anemeHTa 70

U)

/0\

, © 7
S8

150[45]20]17|14]10]6]5]4]70]
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BuHapHas Ky4a: BCTaBKa 3/leMeHTa

@ MakcumanbHbIi 31eMEHT NON3ET BBEPX MO AEPEBY.

BcTaBka anemeHTa 70

o

ot ¥cko
‘ofol®

150|45[20]17[70]10]|6]5]4]14]
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BuHapHas Ky4a: BCTaBKa 3/leMeHTa

@ MakcumanbHbIi 31eMEHT NON3ET BBEPX MO AEPEBY.

BcTaBka anemeHTa 70

U] @
@) 3)
(4)@‘ (5) (6) (7)@
(8)@ (9@ (10)

150|70[20]17[45]10|6]5]4]14]
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BuHapHas Ky4a: BCTaBKa 3/leMeHTa

@ MakcnManbHbIli 31eMEHT NON3ET BBEPX NO AepeBy.

BcTaBka anemenTa 70

@) @(:::>(WN‘IH'

170]50]20[17[45[10]6]5]4]14]
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BuHapHas Ky4a: BCTaBKa 3/leMeHTa

int binary_heap_insert(binary_heap *bh, bhnode node) {
if (bh->numnodes > bh->bodysize) {
return -1; // or expand
}
bh->body [++bh->numnodes] = node;
for (size_t i = bh->numnodes;
i > 1 && bh->body[i] > bh->body[i/2];
i/=2)4
binary_heap_swap(bh, i, i/2);
}

return O;

Tlnsert = 0(108; N)
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BuHapHas ky4a: yaaneHume MakcumanbHoro (MyUHUManbHOro)

| o Q|
CRCRORG @R BT R0
@@@ @g@m 2

CeoiicTBa Kyun HapyLlueHbl. T pebyeTcs BOCCTaHOBEHNE.
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BuHapHas Ky4da: yaaneHvie BepLUNHBI

void binary_heap_erase(binary_heap *bh) {

assert (bh->numnodes > 0);

bh->body[1] = bh->body[--bh->numnodes] ;

size_t index = 1;

for (535) {
size_t left = index + index, right = left + 1;
// Who is greater, [index], [left], [right]?
size_t largest = index;
if (left <= bh->numnodes &% bh->body[left] > bh->bodyl[index])
largest = left;
if (right <= bh->numnodes && bh->body[right] > bh->body[largest])
largest = right;
if (largest == index) break;
binary_heap_swap(bh, index, largest);
index = largest;

Terase = O(lOg N)
EE—



BuHapHasa Ky4a: BocCTaHOBAEHMWE CBOICTB

@ Boccranosnenne nnaekca (1)

™) @ (index)

» Max([index],[left],[right]) = [left]

114]50[20]17[45]10]6]5]4]
HoBbiii uHgekc ans BoccTaHoBneHus (2)
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BuHapHasa Ky4a: BocCTaHOBAEHMWE CBOICTB

@ Boccranoenenue nngekca (2)

Max([index],[left],[right]) = [right]

150|14]20]17[45]10]6]5]4]
HoBbiii nHgekc ans BoccTaHosneHus (5)
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BuHapHasa Ky4a: BocCTaHOBAEHMWE CBOICTB

@ BoccraHoenenune nupekca (5)

Max([index],[left],[right]) = [right]

150]45]20]17[14]10]6]5]4]
BoccTaHoBsieHne 3akoH4eHo.
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BuHapHas Kyda: CNOXXHOCTb onepaluii

e insert — O(log N)

e erase — O(log N)
e fetch — O(1)

o & = E DA
C. J1. Babuues Aepesbs



[lepeBbst nouncka




[lepeBbsi: nounck

Vicnonb3oBaHne gepeBbeB ANns NOUCKa.
3apava:

@ Bxop: nocnepgosatentHocTh Yncen.

@ Bebixoa: 2-mepeBo, B KOTOPOM BCe y3/bl CripaBa OT poguTenst bonblie pogutens, a
cneBa — He bonbLlue.
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[lepeBbsi: nounck

{10,5,35,7,3,23,94,2,5, 7}
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[lepeBbsi: nounck

MNonck no fepeBy nocne nNonayYeHusi 3neMeHTa C kKatodoM X
Q@ [enaem Tekywinii y3en KOpHEBbIM
© [lepexoanm B Tekywmii ysen C'.
Ecim X = C.Key 1o anroputm 3aBepLUEH.

o

©Q Ecnm X > C.Key n C' umeeT noToMKa cnpaBa, TO [eNaeM TEKYLLUM Y3/10M
noTomka cnpaga. [lepexoanm k n. 2.
o
o

Ecnm X < C.Key n C nmeeT noTomKa cneBa, TO AeflaeM TEKYLLUM Y3/10M
notomka cnesa. [lepexogum Kk n. 2.

Kntoy He HaiigeH. KoHel anroputma.
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BuHapHble aepeBbs noucka

HaugHoe nocTpoeHme brnHapHbIX fepeBbEB NOMCKA.
Hennoxoe aepeso

{10,5,35,7,3,23,94,2,5, 7}
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BuHapHble fepeBbs mouncka

OrepatutensHoe aepeso (bambyk)

{1, 5, 10, 20, 30}
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BuHapHble aepeBbs noucka

Onpegenexue:

o CnyuainHoe 6uHapHoe aepeBo T pasmepa n — [epPeBO, MOJyHaloLWEeecs 13
nyctoro buHapHoro aepesa noucka nocne nobaeneHns B Hero n y3sos ¢
Pa3ANYHBIMI KHOYaMK B CNy4YaiiHOM nopafke 1 Bce n! BOSMOXHbIX
nocnefoBaTeNnbHOCTEl 40DaBNeHNsi PaBHOBEPOSITHBI.

e CpepHsisi rnybuna y3nos cny4daiitoro bunaproro gepesa ectb O(log, V).

o CpepaHue BpemeHa BbINOJHEHNSI ONEPALNIA BCTABKM, YAANEHNS N MOWUCKA B
cnywaiiHom bunaprom aepese ectb O(log, N).
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BuHapHble gepeBbs noucka: CBOCTBA

MNonesHble cBoOliCcTBa BUHapHOro AepeBa MOMCKa:
@ HauMmeHblIniA 3neMeHT BCerga HaxoguUTCs B CAMOM HU3Y JIEBOTO MOALEPEBA.

@ Hambonblunii sneMeHT BCerga HaxoAWTCS B CAMOM HW3Y MPaBOro MOAAepeBa.

tree * minNode(tree *t) {
if (t == NULL) return NULL;
while (t->left != NULL) {
t = t->left;
+

return t;
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BuHapHble gepeBbs noucka: CBOCTBA

o [lpocTtas npoueaypa noucka

tree * searchNode(tree *t, keytype key) {
tree *p = t;
while (t != NULL) {
p=t;
if (t->key == key) return t;
t = key > t->key? t->right : t->left;
}

return p;
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BuHapHble gepeBbs noucka: CBOCTBA

@ [lpocTas npoueaypa BCTaBKU HOBOTO.

void insertNode(tree *t, keytype key, valtype value) {

tree *parent = t;
while (t != NULL) {

parent = t;

if (t->key == key) return; // Already here

t = key > t->key? t->right : t->left;
+
tree *node = new tree(key, value);
if (key < parent->key) parent->left
else parent->right

node;
node;
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BuHapHble fepeBbs Moncka: CBOWCTBA

e [lpouepnypa ymaneHus cnoxkHee, Tpu cay4as:

@ Het noToMkoB — ygansiem ysen y poguTess.
@ OpuH NOTOMOK — MepecTaBisieM y3e/1 y POAUTENSI HA NOTOMKA
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BuHapHble gepeBbs noucka: CBOCTBA

o [lpoueaypa yaaneHus CinoxHee, Tpu cayyas:
© Her notomkos — ygansiem ysen y pogntens.
@ OpuH NOTOMOK — MepecTaBisieM y3e/1 y POAUTENSI HA NOTOMKA
© [Ba noTomka — HaxoAWM CaMblii SeBbIV JINCT B MPaBOM MOAAEPEBE U UM 3aMELLAEM
yAansemelii
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BuHapHble gepeBbs noucka: CBOCTBA

[NepBblii cnyyaii: po ynanewms
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BuHapHble gepeBbs noucka: CBOCTBA

[NepBbIii cnyyaii: nocne yganewus
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BuHapHble gepeBbs noucka: CBOCTBA

Bropoii cnyyaii: go ynanewus
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BuHapHble gepeBbs noucka: CBOCTBA

Bropoii cnyyaii: nocne yganeHus
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BuHapHble gepeBbs noucka: CBOCTBA

TpeTuii cnyyaii: go yaaneHus

L 10
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BuHapHble gepeBbs noucka: CBOCTBA

TpeTwnii cnyyaii: nocne yganeHus
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BuHapHble fepeBbs mouncka

CTpyKkTypa xpaHunuiia | BCTaBKa | yganeHue | MOMCK
BuHapHoe pepeso nomcka
(HamxyaLwee) O(N) O(N) O(N)
BunapHoe pepeso nomcka
(cpegaHee) O(log N) | O(log N) | O(log N)
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Bopbba ¢ gucbanarcom

© CnoxHOCTb BCex anropnTMoB B buHapHbix gepesbsix noucka (BST) onpegensiercs
CPefHEeB3BELIEHHON rNybnHOIA

© Onepaunn BcTasku/yganeHust MOryT NPUBECTU K AUcbanaHcy 1 yxyfLueHnto
CpenHux nokasaTeneii

© [ns 6opbbbl ¢ ancbanaHCcoM NPUMEHSIOT paHLOMU3aLUMIO U BanaHCUpPOBKY.

C. J1. Babuues [HepeBbs 14 Hosibps 2021 . 44 /54



Bopbba ¢ gucbanarcom

[lonbiTKa:
@ [lpegnaraeTcsi: BCTaBASATb HOBbIE 3/IEMEHTHI BCEMAa B KOPEHb.

o [locneacTeusi: ecnn BCTaBASIEMbI 371eMeHT DosbLIe KOPHSA, TO CTapblii KOpeHb
chenaem NeBbIM NOAJEPEBOM, a €ro NpaBoe NoAAepeBO — HALIMM NpaBbIM
NoALepeBOM.

@ AHanornyHo paccyxgaem Ansi Cly4asi, Korga BCTaBASIEMbIi 3/1€MEHT MeHbLue
KOPHS.

(] vnOpﬂAOHeHHOCTb MOXET HapPyWNTbCA B oboux cny4dasnx.
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Bopkba ¢ gucbanarcom

@ YT0bbl HapyLeHnii He Nponcxoauio, TPeDYeTCs COXPaHSATL MHBAPUAHT
ynopsif04eHHOCTU.

o [lns s3Toro BBEEM MOHATUE NOBOPOTA, HE N3MEHSIIOLLErO CBOMCTBA JAepeBa, HO
MEHSIIOLLEro BbICOTY MOALEPEBLEB.
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[loBopoThI AepeBa

[Nepen nosopoTom
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[loBopoThI AepeBa

MNocne noBopoTa Hanpago
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[loBopoThI AepeBa

[Mocne NOBOPOTa HAaNeEBO
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DKCMEPUMEHTLI C AEPEBOM

#include <stdio.h>
#include <stdlib.h>

typedef double item;

typedef struct node_s {
struct node_s *left, *right;
item val;

} node;

node *new_node(item it) {
node *ret = (node *)malloc(sizeof (node));
ret->left = ret->right = NULL;
ret->val = it;
return ret;
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[loBopoThI AepeBa

node *rotateRight(node* head) {
node *temp = head->left;
head->left = temp->right;
temp->right = head;
return temp,

node *rotateLeft(nodex head) {
node *temp = head->right;
head->right = temp->left;
temp->left = head;
return temp,
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BcTaBka B kopHeBoli y3en

PekypcuBHbIl anroputm.

node * insert(node* head, item x) {

if (head == NULL) {
head = new_node(x);
return head;

}

if (x < head->val) {
head->left = insert(head->left, x);
return rotateRight (head);

} else {
head->right = insert(head->right, x);
return rotatelLeft (head);
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void print(node const *head, int lev) {

if (head->right != NULL) print(head->right, lev+1);

for (int i = 0; i < lev; i++) {
printf (" ");

}

printf ("%.2f\n", head->val);

if (head->left != NULL) print(head->left, lev+l);

int main() {
node *head = NULL;
head = insert(head, 2);
head = insert(head, 1);
head = insert(head, 3);
print (head, 0);
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PangpomusupoBaHHoe AepeBo

@ [lpobnema BbIpOXAEHNS fepeBa MpU BCTAaBKE B KOPEHb HE PELLEHA.

e OgHako nosiBunack NHGPACTPYKTYpa AN AOCTUXKEHNS MEHbLLUEN CIIOKHOCTH.
1

N +1
o CeolicTBa ntoboro gepesa byayT COOTBETCTBOBATL CBOWCTBAM C/ly4aliHOrO fepeBa.

o C BeposiTHOCTbIO BCTaB/IsiEM HOBbIi y3eNn B KOpeHb fepeBa pa3dmepom N.
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